In this paper, a modified proximal point algorithm for finding common fixed points of averaged self-mappings in Hilbert spaces is introduced and a strong convergence theorem associated with it is proved. As a consequence, we apply it to study the split feasibility problem, the zero point problem of maximal monotone operators, the minimization problem and the equilibrium problem, and to show that the unique minimum norm solution can be obtained through our algorithm for each of the aforementioned problems. Our results generalize and unify many results that occur in the literature. MSC: 47H10; 47J25; 68W25
Introduction
Throughout this paper, H denotes a real Hilbert space with the inner product ·, · and the norm · , I the identity mapping on H, N the set of all natural numbers and R the set of all real numbers. For a self-mapping T on H, F(T) denotes the set of all fixed points of T.
Let C and Q be nonempty closed convex subsets of two Hilbert spaces H  and H  respectively, and let A : H  → H  be a bounded linear mapping. The split feasibility problem (SFP) is the problem of finding a point with the property:
x * ∈ C and Ax * ∈ Q.
The SFP was first introduced by Censor and Elfving [] for modeling inverse problems which arise from phase retrievals and medical image reconstruction. Recently, it has been found that the SFP can also be used to model the intensity-modulated radiation therapy. For details, the readers are referred to Xu [] and the references therein.
Assume that the SFP has a solution. There are many iterative methods designed to approximate its solutions. The most popular algorithm is the CQ algorithm introduced by Byrne [, ]: http://www.fixedpointtheoryandapplications.com/content/2013 /1/190 It starts with any x  ∈ H  and generates a sequence {x n } through the iteration
where γ ∈ (,  A  ), A * is the adjoint of A, P C and P Q are the metric projections onto C and Q respectively. The sequence {x n } generated by the CQ algorithm () converges weakly to a solution of SFP (), cf. [-] . Under the assumption that SFP () has a solution, it is known that a point x * ∈ H  solves the SFP () if and only if x * is a fixed point of the operator
cf.
[], where Xu also proposed the regularized method
and proved that the sequence {x n } converges strongly to a minimum norm solution of SFP () provided the parameters {α n } and {γ n } verify some suitable conditions. This regularized method was further investigated by Yao, Jiang and Liou [] , and Yao, Liou and Shahzad [] . Motivated by the above works, it is desirable to devise an algorithm for approximating a point x * ∈ C so that Ax * ∈ Q and Bx * ∈ Q, A is said to be maximal monotone if its graph {(x, u) : In the sequel, we shall denote the set of all zero points of A by A - , which is equal to F(J A α ) for any α > . A well-known method to solve this problem is the proximal point algorithm which starts with any initial point x  ∈ H and then generates the sequence {x n } in H by
where {α n } is a sequence of positive real numbers. This algorithm was first introduced by Martinet [] and then generally studied by Rockafellar [] , who devised the iterative http://www.fixedpointtheoryandapplications.com/content/2013/1/190 sequence {x n } by 
where {a n }, {b n }, {c n } are sequences in (, ) with a n + b n + c n =  for all n ∈ N, and {e n } is an error sequence in H. They showed that the sequence {x n } generated by () converges strongly to a zero point of A provided the following conditions (i) and (ii) are verified:
e n a n = .
This theorem generalizes and unifies many results that occur in the literature, cf. [-, , ]. For another maximal monotone operator B, we would like to seek appropriate conditions on the coefficient sequences {a n }, {b n }, {c n } and {d n } so that the sequence {x n } generated by
can converge strongly to a common zero of A and B. We find that both of problems () and () can be solved simultaneously in a more general setting. As a matter of fact, any resolvent is firmly nonexpansive and any firmly nonexpansive mapping is   -averaged, cf.
[], which is a special case of λ-averaged mappings (for the definition of λ-averaged mappings, we refer readers to Section ). Also, as shown in the proof of Theorem . of [], for any γ ∈ R with  < γ <  A  , the operator () is +γ A   -averaged. It is quite natural to ask whether the sequence {x n } generated by x n+ = a n u + b n S n x n + c n T n x n + d n e n ()
can converge strongly to a point of
n= F(T n ) provided the coefficient sequences {a n }, {b n }, {c n } and {d n } are imposed on appropriate conditions, where for any n ∈ N, each S n is μ n -averaged by G n , and each T n is λ n -averaged by K n . We shall show in Section  that the sequence {x n } generated by () converges strongly to a point of
n= F(T n ) = ∅ and {μ n }, {λ n } and the coefficient sequences {a n }, {b n }, {c n } and {d n } verify the conditions: http://www.fixedpointtheoryandapplications.com/content/2013/1/190 (i) {μ n } and {λ n } are convergent sequences in (, ) with limit μ, λ ∈ (, ) respectively; (ii) there are two nonnegative real-valued functions κ  and κ  on N with
(iii) {a n }, {b n }, {c n } and {d n } are sequences in [, ] with a n + b n + c n + d n =  and a n ∈ (, ), ∀n ∈ N; (iv) lim n→∞ a n = lim n→∞ d n a n = ,
Based on this main result, we shall deduce many corollaries for averaged mappings in Section . Section  is devoted to applications. We apply our results in Section  to study the split feasibility problem, the zero point problem of maximal monotone operators, the minimization problem and the equilibrium problem, and to show that the unique minimum norm solution can be obtained through our algorithm for each of the aforementioned problems.
Preliminaries
In order to facilitate our investigation in Section , we recall some basic facts. Let C be a nonempty closed convex subset of H. A mapping T : C → H is said to be (i) nonexpansive if
(ii) firmly nonexpansive if
for some λ ∈ (, ) and some nonexpansive mapping K . If T : C → C is nonexpansive, then the fixed point set F(T) of T is closed and convex,
then T is nonexpansive with F(T) = F(K).
The metric projection P C from H onto C is the mapping that assigns each x ∈ H the unique point P C x in C with the property
It is known that P C is nonexpansive and characterized by the inequality: for any x ∈ H,
For α > , the resolvent J 
(c) (The resolvent identity) for μ, λ > , the following identity holds:
We still need some lemmas that will be quoted in the sequel.
Lemma . (Demiclosedness principle []) Let T be a nonexpansive self-mapping on a nonempty closed convex subset C of H, and suppose that {x n } is a sequence in C such that
{x n } converges weakly to some z ∈ C and lim n→∞ x n -Tx n = . Then Tz = z.
Lemma . []
Let {s n } be a sequence of nonnegative real numbers satisfying
where {α n }, {μ n } and {ν n } verify the conditions:
Lemma . []
Let {s n } be a sequence in R that does not decrease at infinity in the sense that there exists a subsequence {s n i } such that
Strong convergence theorems
To establish a strong convergence theorem for averaged mappings S n , T n , n ∈ N, on H associated with algorithm (), we at first need a lemma. http://www.fixedpointtheoryandapplications.com/content/2013/1/190
Lemma . If T = ( -λ)I + λK is a λ-averaged self-mapping by K on a nonempty closed convex subset C of H and p ∈ F(T), then for any x ∈ C, one has
Proof Let x be any point in C. Then, using Tp = Kp = p and the nonexpansiveness of K , we have from Lemma .(b) that
and there are two nonnegative real-valued functions κ  and κ  on N with
Suppose further that {a n }, {b n }, {c n } and {d n } are sequences in [, ] with a n + b n + c n + d n =  and a n ∈ (, ) for all n ∈ N, and that {e n } and {v n } are two bounded sequences in C. For an arbitrary norm convergent sequence {u n } in C with limit u, start with an arbitrary x  = y  ∈ C and define two sequences {x n } and {y n } by x n+ = a n u + b n S n x n + c n T n x n + d n e n ; y n+ = a n u n + b n S n y n + c n T n y n + d n v n .
Then both of {x n } and {y n } converge strongly to P u provided the following conditions are satisfied:
Moreover, when every S n is the identity mapping I, the result still holds without the condition lim inf n→∞ b n > . http://www.fixedpointtheoryandapplications.com/content/2013/1/190
Proof Put p = P u. Firstly, we show that {x n } converges strongly to p. It comes from the nonexpansiveness of S n and T n that
from which it follows that {x n } is a bounded sequence. Taking into account of Lemma . and using Lemma ., we get
We now carry on with the proof by considering the following two cases: (I) { x n -p } is eventually decreasing, and (II) { x n -p } is not eventually decreasing. Case I: Suppose that { x n -p } is eventually decreasing, that is, there is N ∈ N such that { x n -p } n≥N is decreasing. In this case, lim n→∞ x n -p exists in R. By condition (ii), we may assume that there are two b, c ∈ (, ) such that b ≤ b n and c ≤ c n for all n ∈ N. Then from inequality () we have
and noting via condition (i) that 190 we conclude that
which implies that
Then from condition (.) we deduce for all m ∈ N that
Since {x n } is bounded, it has a subsequence {x n k } such that {x n k } converges weakly to some z ∈ H and
where the last inequality follows from () since z ∈ by Lemma .. Choose M >  so that sup{ e n -p
Accordingly, because of () and condition (i), we can apply Lemma . to inequality () with
Case II: Suppose that { x n -p } is not eventually decreasing. In this case, by Lemma ., there exists a nondecreasing sequence {m k } in N such that m k → ∞ and
Then it follows from () and () that
Therefore,
and then proceeding just as in the proof in Case I, we obtain
which in conjunction with condition (.) shows for all m j that
and then it follows that
From () we have
and thus
Letting k → ∞ and using () and condition (i), we obtain
Also, since
which together with () implies lim k→∞ x m k + -x m k = , and so
by virtue of (). Consequently, we conclude lim k→∞ x k -p =  via () and (). In addition, note that the condition lim inf n→∞ b n =  is used to establish lim n→∞ x n -G n x n =  http://www.fixedpointtheoryandapplications.com/content/2013/1/190
and lim k→∞ x m k -G m k x m k =  in () and () respectively. However, both limits hold trivially without this condition provided every S n is the identity mapping I. Next, we show that {y n } converges strongly to p too. Applying Lemma . to the following inequality y n+ -x n+ ≤ a n u n -u + (b n + c n ) y n -x n + d n v n -e n =  -(a n + d n ) y n -x n + a n u n -u + d n v n -e n for all n ∈ N, we see that lim n→∞ y n -x n = , and hence lim n→∞ y n = p follows. This completes the proof.
The following lemma is easily proved and so its proof is omitted.
Lemma . For any n ∈ N, suppose that S n = ( -μ n )I + μ n G n and T n = ( -λ n )I + λ n K n are averaged self-mappings on a nonempty closed convex subset C of H such that condition (.) holds. Then {S n } and {T n } satisfy condition (.) if and only if {G n } and {K n } satisfy condition (.).
If the sequence {S n } (resp. {T n }) of averaged mappings consists of a single mapping S (resp. T), then {S n } and {T n } obviously verify conditions (.) and (.), and hence from Lemma . we have the following corollary.
Corollary . Suppose S and T are two averaged self-mappings on a nonempty closed convex subset C of H with = F(S) ∩ F(T)
= ∅, and suppose that {a n }, {b n }, {c n } and {d n } are sequences in [, ] with a n + b n + c n + d n =  and a n ∈ (, ) for all n ∈ N, and {e n } and {v n } are two bounded sequences in C. For an arbitrary norm convergent sequence {u n } in C with limit u, start with an arbitrary x  = y  ∈ C and define two sequences {x n } and {y n } by x n+ = a n u + b n Sx n + c n Tx n + d n e n ; y n+ = a n u n + b n Sy n + c n Ty n + d n v n .
Moreover, when S is the identity mapping I, the result still holds without the condition lim inf n→∞ b n > .
Theorem . For any n ∈ N, suppose S n and T n are firmly nonexpansive self-mappings on a nonempty closed convex subset C of H with
Suppose further that {a n }, {b n }, {c n } and {d n } are sequences in [, ] with http://www.fixedpointtheoryandapplications.com/content/2013/1/190 a n + b n + c n + d n =  and a n ∈ (, ) for all n ∈ N, and {e n } and {v n } are two bounded sequences in C. For an arbitrary norm convergent sequence {u n } in C with limit u, start with an arbitrary x  = y  ∈ C and define two sequences {x n } and {y n } by x n+ = a n u + b n S n x n + c n T n x n + d n e n ; y n+ = a n u n + b n S n y n + c n T n y n + d n v n .
Moreover, when every S n is the identity mapping I, the result still holds without the condition lim inf n→∞ b n > .
Proof Since any firmly nonexpansive mapping is   -averaged, condition (.) holds, and hence by Lemma . we see that all the requirements of Theorem . are verified. Therefore, the desired conclusion follows.
If S n = I and d n =  for all n ∈ N in Theorem ., then we have the following corollary.
Corollary . Suppose, for all n ∈ N, that T n = (-λ n )I +λ n K n is an averaged self-mapping on a nonempty closed convex subset C of H with = ∞ n= F(T n ) = ∅, and lim n→∞ λ n = λ ∈ (, ), and assume that condition (.) holds for {I} and {T n }. Suppose further that {a n }, {b n } and {c n } are sequences in [, ] with a n + b n + c n =  and a n ∈ (, ) for all n ∈ N. Let {α n } be a sequence in (, ∞). For an arbitrary fixed u ∈ C, start with an arbitrary x  ∈ C and define x n+ = a n u + b n x n + c n T n x n , n ∈ N.
Then the sequence {x n } converges strongly to P u provided the following conditions are satisfied:
Corollary . Suppose, for all n ∈ N, that T n = (-λ n )I +λ n K n is an averaged self-mapping on H with = ∞ n= F(T n ) = ∅, and lim n→∞ λ n = λ ∈ (, ), and assume that condition (.) holds for {I} and {T n }. Suppose further that {a n }, {b n } and {c n } are sequences in [, ] with a n + b n + c n =  and a n ∈ (, ) for all n ∈ N, and that {e n } is a bounded sequence in H. Let {α n } be a sequence in (, ∞). For an arbitrary fixed u ∈ H, start with an arbitrary x  ∈ H and define x n+ = a n u + b n x n + c n T n x n + e n , n ∈ N. http://www.fixedpointtheoryandapplications.com/content/2013/ 1/190 Then the sequence {x n } converges strongly to P u provided the following conditions are satisfied:
(ii) either lim n→∞ e n a n =  or ∞ n= e n < ∞.
Proof Put p = P u. Let z  = x  and define a sequence {z n } iteratively by z n+ = a n u + b n z n + c n T n z n .
We have lim n→∞ z n = p by Corollary .. Since
the limit lim n→∞ x n -z n =  follows by applying Lemma . to (), and thus,
Applications
In this section, we shall apply some of the strong convergence theorems in Section  to approximate a solution of the split feasibility problem, a common zero of maximal monotone operators, a minimizer of a proper lower semicontinuous convex function, and to study the related equilibrium problem. Xu [] transformed SFP () to the fixed point problem of the operator ():
He proved Lemma . below.
Lemma . [] A point x * ∈ H  solves SFP () if and only if x
* is a fixed point of the operator
Moreover, in the proof of Theorem . of [], Xu showed the following lemma.
Lemma . []
For any γ ∈ R with  < γ <  A  , the operator ():
Invoking Lemmas . and ., we obtain the theorem below from Corollary . by putting S = I and T = P C (I -γ A * (I -P Q )A) for all n ∈ N. Suppose that the solution set of SFP () is nonempty, and suppose further that {a n }, {b n }, {c n } and {d n } are sequences in [, ] with a n + b n + c n + d n =  and a n ∈ (, ) for all n ∈ N, and that {e n } is a bounded sequence in C. For an arbitrary fixed u ∈ C, start with an arbitrary x  ∈ C and define the sequence {x n } by x n+ = a n u + b n x n + c n Tx n + d n e n .
Then {x n } converges strongly to P u provided the following conditions are satisfied:
When the point u in the above theorem is taken to be , we see that the limit point v of the sequence {x n } is the unique minimum norm solution of SFP (), that is, v = min{x :
Here, readers may compare the above theorem with Theorem . of [] , which says, for  < γ <  A  and sequence {a n } in [,
that the sequence {x n } generated by x n+ = ( -a n )x n + a n P C I -γ A * (I - 
Suppose the solution set of SFP () is nonempty, and suppose further that {a n }, {b n }, {c n } and {d n } are sequences in [, ] with a n + b n + c n + d n = , and a n ∈ (, ) for all n ∈ N, and that {e n } is a bounded sequence in C. For an arbitrary fixed u ∈ C, start with an arbitrary x  ∈ C and define the sequence {x n } by x n+ = a n u + b n Sx n + c n Tx n + d n e n .
Then {x n } converges strongly to P u provided the following conditions are satisfied: -  ∩ A -  = ∅, and suppose that {a n }, {b n }, {c n } and {d n } are sequences in [, ] with a n +b n +c n +d n =  and a n ∈ (, ) for all n ∈ N. Let {α n } and {β n } be sequences in (, ∞), and let {e n } and {v n } be two bounded sequences in H. For an arbitrary norm convergent sequence {u n } in H with limit u, start with an arbitrary x  = y  ∈ H and define two sequences {x n } and {y n } by
Then both of the sequences {x n } and {y n } converge strongly to P B - ∩A -  u provided the following conditions are satisfied:
Proof Since all the requirements of Theorem . are satisfied except conditions (.) and (.), we have to check these two conditions. For any n ∈ N, let S n = J suppose that {a n }, {b n } and {c n } are sequences in [, ] with a n + b n + c n =  and a n ∈ (, ) for all n ∈ N. Let {α n } be a sequence in (, ∞). For an arbitrary fixed u ∈ H, choose an arbitrary x  ∈ H and define x n+ = a n u + b n x n + c n J A α n x n , n ∈ N.
Then the sequence {x n } converges strongly to P A -  u provided the following conditions are satisfied:
lim n→∞ a n = , 
Corollary . []
Suppose that A is a maximal monotone operator on H with A -  = ∅, and suppose that {a n }, {b n } and {c n } are sequences in [, ] with a n + b n + c n =  and a n ∈ (, ) for all n ∈ N. Let {α n } be a sequence in (, ∞), and let {e n } be a bounded sequence in H. For an arbitrary fixed u ∈ H, choose an arbitrary x  ∈ H and define x n+ = a n u + b n x n + c n J A α n x n + e n , n ∈ N.
Then the sequence {x n } converges strongly to P A -  u provided the following conditions are satisfied: Hence arg min y∈H f (y) = F(J ∂f α ) for any α > , and then invoking Corollary ., we obtain the following theorem.
